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We propose the general multi-band quasiclassical Eilenberger theory of superconductivity to de-
scribe quasiparticle excitations in inhomogeneous systems. With the use of low-energy projection
matrix, the M -band quasiclassical Eilenberger equations are systematically obtained from N-band
Gor’kov equations. Here M is the internal degrees of freedom in the bands crossing the Fermi
energy and N is the degree of freedom in a model. Our framework naturally includes inter-band
off-diagonal elements of Green’s functions, which have usually been neglected in previous multi-
band quasiclassical frameworks. The resultant multi-band Eilenberger and Andreev equations are
similar to the single-band ones, except for multi-band effects. The multi-band effects can exhibit
the non-locality and the anisotropy in the mapped systems. Our framework can be applied to an
arbitrary Hamiltonian (e.g. a tight-binding Hamiltonian derived by the first-principle calculation).
As examples, we use our framework in various kinds of systems, such as noncentrosymmetric super-
conductor CePt3Si, three-orbital model for Sr2RuO4, heavy fermion CeCoIn5/YbCoIn5 superlattice,
a topological superconductor with the strong spin-orbit coupling CuxBi2Se3, and a surface system
on a topological insulator.
PACS numbers:
I. INTRODUCTION
Multi-band superconductors such as MgB2 and the
iron pnictides have been attracted much attention be-
cause of its high critical temperature. Although MgB2 is
a phonon-mediated superconductor, it has a large critical
temperature Tc ∼ 40K, originating from the multi-band
effects. Multi-band effects are recognized as one of the
ways to increase the critical temperature. The discov-
ery of the iron-pnictides had a striking impact on many
researchers in condensed matter physics. Many kinds of
phenomena with multi-band effects have been proposed
and confirmed in iron-based superconductors[1–3]. Fur-
thermore, recently found superconductors characterized
by topological invariants, i.e. topological superconduc-
tors, are also multi-band superconductors, since the in-
ternal degrees of freedom (e.g. spins, orbitals or particle-
hole spaces) in a multi-band system induce topological
twists in wave functions[4–7].
The huge computational cost originating from the mul-
tiple degrees of freedom prevents theorists from under-
standing the physical properties in multi-band supercon-
ductors. For example, in the iron-based superconductor
LaFeAsO, the five-orbital two-dimensional tight-binding
model has been used as the effective model[3]. There
are also ten-orbital three-dimensional tight-binding mod-
els as effective models to analyze experiments in another
iron-pnictides.[30] In addition, when dealing with vor-
tices and surfaces in multi-band systems, the computa-
tional cost becomes huger, since the momentum is not a
good quantum number in inhomogeneous systems. For
example, in the topological superconductors, it is im-
portant to study the quasiparticle excitations so-called
the Majorana fermions around surfaces and vortices, in
terms of the bulk-edge correspondence[4]. The Ginzburg-
Landau framework, which is usually used to examine
the distribution of the order parameter in the inhomo-
geneous superconductors, is not suitable for dealing with
the quasiparticle excitations. Even if we use the mean-
field framework such as the Bogoliubov-de Gennes frame-
work, the simulations of the nano-size multi-band super-
conductors needs enormous computational costs.
We point out that the effective models (e.g., derived
by the first principles calculations) might have too many
bands to describe the low energy physics of supercon-
ductivity. We should note that the number of the bands
crossing the Fermi level in normal states is less than four
even in models for iron-pnictides. The low energy physics
in superconducting state are characterized by the quasi-
particles on the bands crossing the Fermi level in normal
states, since a characteristic energy scale of the super-
conducting gap (∼meV) is much smaller than that of the
bands far from the Fermi level (∼ eV). In the single-band
weak-coupling Bardeen-Cooper-Schrieffer (BCS) frame-
work, the theory using information only at the Fermi
surface, called the quasiclassical Eilenberger theory, has
many successes[19]. In multi-band superconductors,
eliminating the high-energy bands not crossing the Fermi
level can reduce the number of the bands in a low energy
effective theory as shown in Fig.1, since the high-energy
bands can not affect the physical quantities in supercon-
ducting state.
The quasiclassical Eilenberger theory is successful in
the BCS model of superconductivity. The theoretical
framework is based on the fact that the coherence length
ξ is sufficiently greater than the Fermi wavelength 1/kF.
Various kinds of analytical and numerical techniques on
the quasiclassical Eilenberger theory have been developed
and successfully applied to the studies of a large number
of conventional and unconventional superconductors[9–
19]. The Eilenberger theory was applied into the two-
band superconductor MgB2. In the conventional models
for MgB2, one neglects the off-diagonal inter-band ele-
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FIG. 1. (Color online) Schematic figure of the multi-band
Eilenberger theory. The band dispersions are calculated in
the five-orbital effective model for LaOFeAs[3, 8]. The bands
in the shaded regions are neglected in the multi-band Eilen-
berger theory.
ments in Green’s function. In this case, two decoupled
Eilenberger equations can describe the quasiparticle ex-
citations, and the multi-band effects are included only
through solving the gap equations[20–23].
There are two kinds of bases to consider the multi-
band systems. First one is the basis which is orthogonal
in the momentum space (so-called “band”-basis). Other
is the basis which is orthogonal in the real space, such as
the d-orbitals in models for iron-based superconductors
and spins in a model with the spin-orbit coupling term.
We call these real-space orthogonal basis “orbital” basis
in this paper. In the quasiclassical Eilenberger theory,
the quasiclassical Green’s functions depend on the mo-
mentum of the relative motion in momentum space and
the center-of-mass coordinate in real space. In the pre-
vious multi-band quasiclassical theories[24, 25], the de-
coupled Eilenberger equations are used by neglecting the
off-diagonal elements of the Hamiltonian in both band
basis in momentums space and orbital basis in real space.
In the case of the two-band model for MgB2, this as-
sumption is valid to describe the quasiparticle excita-
tions. There is, however, no Eilenberger theory which
includes the off-diagonal inter-band elements, except for
a perturbative approach[26]. The inter-band elements of
Green’s function are important in the complicated multi-
band systems, such as the iron-pnictides and the topo-
logical superconductors. For example, the iron-based su-
perconductors have many entangled Fe-3d orbitals at the
Fermi level. The Hamiltonian proposed in the iron-based
superconductors is diagonalized in momentum space by
the momentum dependent unitary matrix. The ratio
of which orbital is dominant originates from this uni-
tary matrix and depends on the momentum. This “or-
bital” character, how the orbitals are entangled, at the
each Fermi wave number is important to understand
the physics in iron-based superconductors[27]. The off-
diagonal inter-band elements of Green’s functions are in-
duced by those of the unitary matrix. These off-diagonal
elements become important when a self-energy is induced
by an inter-band scattering, which is important in a sys-
tem with impurities or vortices. A model of topological
superconductors usually have the off-diagonal elements
in spin-space due to a spin-orbit coupling. The spins ro-
tate in momentum space, originating from the spin-orbit
coupling so that the Hamiltonian is not diagonal with
the use of spin basis in real space. The “spin” character,
how the spins are entangled, induces topological super-
conductivity even in system with s-wave on-site pairing
interaction in two dimension[28, 29]. Therefore, the in-
formation about “orbital” characters in momentum space
is important factor to describe multi-band effects.
In this paper, we propose a quasiclassical Eilenberger
framework in multi-band superconductors with a system-
atic low-energy projection. By eliminating the high en-
ergy bands far from the Fermi level, we derive the multi-
band Andreev equations and quasiclassical Eilenberger
equations in the projected space constructed from the
bands crossing the Fermi level. We show that the resul-
tant multi-band Eilenberger equations are similar to the
single-band ones, except for some corrections to describe
multi-band effects. The quasiclassical framework uses the
fact that the coherence length ξ is usually longer than the
Fermi wave length 1/kF in a lot of superconductors. The
orbital characters on the Fermi surfaces in normal states
are naturally included in our theory.
This paper is organized as follows. In Sec. II, we in-
troduce the model of the multi-band superconductors.
The mean-field multi-band Bogoliubov-de Gennes (BdG)
Hamiltonian is proposed. We introduce the multi-band
BdG equations and the gap equations, which is the start-
ing point of the quasiclassical theory. In Sec. III, we dis-
cuss the decoupled Eilenberger theory used in past stud-
ies. We show that orbital characters can not be included
in this theory. In Sec. IV, we derive the multi-band quasi-
classical Andreev equations, starting with the multi-band
BdG Hamiltonian. The Andreev equations describe the
wave functions in the quasiclassical approach. In Sec. III,
the multi-band quasiclassical Eilenberger equations are
derived. The Eilenberger equations are the equations of
motion of the quasiclassical Green’s function. We dis-
cuss the difference between the previous theory and our
theory. In Sec. VI, we discuss the physical meanings of
our multi-band Eilenberger theory. In Sec. VII, we apply
the multi-band Eilenberger theory in the various kinds of
systems as examples. We show that the previous theoret-
ical results are reproduced by our theory and the correc-
tions originating from orbital characters are important in
multi-band systems. In Sec. VIII, the summary is given.
3II. MODEL
A. Multi-band BdG equations
Let us start with the mean-field BdG Hamiltonian in
the 2N × 2N Nambu-Gor’kov space,
H = 1
2
∫
dr1dr2Ψ(r1)
†Hˇ(r1, r2)Ψ(r2). (1)
Here, the column vectorΨ(r) is composed ofN fermionic
annihilation ψα and creation operators ψ
†
α at the posi-
tion r (α = 1, · · · , N), Ψ(r) = ({ψα(r)}, {ψ†α(r)})T,
where {ψα(r)} = (ψ1(r), · · · , ψN (r))T and {ψ†α(r)} =
(ψ†1(r), · · · , ψ†N (r))T. The subscript α in ψα(r) or ψ†α(r)
indicates a quantum index depending on spin or orbital,
etc. These quantum indices are labeled by the orthogo-
nal basis in real space, which we call orbital basis. The
Bogoliubov-de Gennes Hamiltonian with a matrix form
is composed of
Hˇ(r1, r2) ≡ HˇN(r1,−i∇1)δ(r1 − r2) + ∆ˇ(r1, r2). (2)
Throughout the paper, hat aˆ denotes a N×N matrix and
check aˇ denotes a 2N×2N matrix. The 2N×2N normal-
state Hamiltonian matrix Hˇ(r1, r2) and superconducting
order parameter matrix ∆ˇ(r1, r2) are respectively defined
by
HˇN(r1,−i∇1)
≡
(
HˆN(r1,−i∇1) 0
0 −Hˆ∗N(r1,−i∇1)
)
, (3)
∆ˇ(r1, r2) ≡
(
0 ∆ˆ(r1, r2)
∆ˆ†(r2, r1) 0
)
. (4)
The order parameter matrix is given by (so-called the
gap equations) [40]
∆ˆαβ(r1, r2) =
∑
k,q
eik·(r1−r2)eiq·(r1+r2)/2∆ˆαβ(k, q), (5)
∆ˆαβ(k, q) = −
∑
k′,γγ′
Vβα;γγ′(k,k
′)〈ψq/2+k′,γψq/2−k′,γ′〉,
(6)
with the multi-orbital interaction matrix Vαβ;γγ′(k,k
′)
and ψα(r) =
∑
k ψk,α exp(ik · r).
The multi-band BdG equations are then expressed as
∫
dr2Hˇ(r1, r2)φ(r2) = Eφ(r1). (7)
With the use of the eigenvectors φ(r1), the mean-field
BdG Hamiltonian (1) is diagonalized.
B. Multi-band Gor’kov equations
The Dyson equation in Nambu-Gor’kov space (Gor’kov
equation) is obtained by∫
dr′
(
iωn1ˇδ(r1 − r′)− HˇN(r1, r′)
−∆ˇ(r1, r′)− Σˇ(r1, r′, iωn)
)
Gˇ(r′, r2, iωn) = δ(r1 − r2)1ˇ,
(8)
with
HˇN(r1, r2) ≡
(
HˇN0(r1) + Hˇ
N1(−i∇r1)
)
δ(r1 − r2),
(9)
where, ωn = (2n+ 1)πT is the fermionic matsubara fre-
quency, Σˇ(r1, r
′, iωn) denotes the self-energy. Here, the
2N × 2N Green’s function is determined by
Gˇ(r1, r2, τ1 − τ2) ≡ −〈TτΨ(r1, τ1)Ψ†(r2, τ2)〉, (10)
=
(
Gˆ(r1, r2, τ1 − τ2) Fˆ (r1, r2, τ1 − τ2)
ˆ¯F (r1, r2, τ1 − τ2) ˆ¯G(r1, r2, τ1 − τ2)
)
,
(11)
Gαβ(r1, r2, τ1 − τ2) ≡ −〈Tτψα(r1, τ1)ψ†β(r2, τ2)〉, (12)
Fαβ(r1, r2, τ1 − τ2) ≡ −〈Tτψα(r1, τ1)ψβ(r2, τ2)〉, (13)
F¯αβ(r1, r2, τ1 − τ2) ≡ −〈Tτψ†α(r1, τ1)ψ†β(r2, τ2)〉, (14)
G¯αβ(r1, r2, τ1 − τ2) ≡ −〈Tτψ†α(r1, τ1)ψβ(r2, τ2)〉, (15)
with the imaginary time τ . The local density of states is
given by
N(r, E) =
−1
π
Im
[
lim
η→+0
Tr Gˆ(r, r, iωn → E + iη)
]
.
(16)
III. DECOUPLED EILENBERGER EQUATIONS
A. Model and assumptions
Let us discuss the decoupled multi-band quasiclassical
theory, which is appropriate in the conventional two-band
models for MgB2[20]. We assume that all N×N matrices
in the BdG Hamiltonian are diagonal in the “band” basis,
expressed as[
HˆN(r1,−i∇1)
]
αβ
∼ HNα (r1,−i∇1)δαβ , (17)[
∆ˆ(r1, r2)
]
αβ
∼ ∆α(r1, r2)δαβ . (18)
This assumption is equivalent to that off-diagonal inter-
band elements are neglected. In this case, the normal
state Hamiltonian in momentum space is expressed as
HˆN(k) =


λ1(k) 0 0
0
. . . 0
0 0 λN (k)

 , (19)
4with the eigenvalues λi(k). In real space, the Fourier
transformation on each band makes the band-diagonal
Hamiltonian. The mean-field BdG Hamiltonian in
Eq. (1) is rewritten as
H = 1
2
∑
α
∫
dr1dr2Ψα(r1)
†Hˇα(r1, r2)Ψα(r2), (20)
with
Hˇα(r1, r2) ≡(
HNα (r1,−i∇1)δ(r1 − r2) ∆α(r1, r2)
∆∗α(r2, r1) −HN∗α (r1,−i∇1)δ(r1 − r2)
)
.
(21)
Here, the column vector Ψα(r) is composed of fermionic
annihilation ψα and creation operators ψ
†
α on the α
band at the position r (α = 1, · · · , N), Ψα(r) =
(ψα(r), ψ
†
α(r))
T. There is no inter-band effect in the
Hamiltonian, since the BdG Hamiltonian Hˇα is deter-
mined on each band. The gap equations in Eq. (6) are
rewritten as
∆α(k, q) = −
∑
k,γ
Vαγ(k,k
′)〈ψq/2+k′,γψq/2−k′,γ〉. (22)
In this approximation, the multi-band effects are in-
cluded as the inter-band pairing interactions only in the
pairing Vαγ . Thus, the quasiclassical decoupled Eilen-
berger equations are easily obtained as
ivF,α∇Rgˇ
α
R(kF, z) +
[
zσz − ∆ˇαR(kF)σz , gˇαR(kF, z)
]
−
= 0,
(23)
∆ˇαR(kF) = −πT
∑
n
∑
β
∫
dSF
|vF|Vαβ(kF,k
′
F)f
β
R(k
′
F, iωn),
(24)
with quasiclassical Green’s function on the α band ex-
pressed as
gˇαR(kF, z) ≡
∮
dξαkσzGˇ
α
R(k, z), (25)
≡
(
gαR(k
′
F, iωn) f
α
R(k
′
F, iωn)
f¯αR(k
′
F, iωn) g¯
α
R(k
′
F, iωn)
)
. (26)
Here, we neglect the self energies and the vector poten-
tials for simplicity, z denotes a complex energy, σz is the
Pauli matrix in 2 × 2 Nambu-Gor’kov space, [Aˇ, Bˇ]− =
AˇBˇ − BˇAˇ is used, and GαR(k, z) is the Green’s function
of the α band. It should be noted that the self-energy
must be diagonalized in this basis and Aˇ in this section is
2× 2 matrix in Nambu space. The above equations were
used in the simple multi-band superconductors such as
MgB2. For MgB2, there are two bands (so-called σ- and
π-bands) and the gap equations connect information on
each band.
B. Appropriate region of the decoupled
Eilenberger equations
Now, we discuss the appropriate region of the decou-
pled Eilenberger equations in the previous section. We
introduce the Hamiltonians Hˆorbital(k) and Hˆband(k) in
normal states with the orbital basis and the band basis in
momentum space, respectively. Generally, the Hamilto-
nian Hˆorbital(k) has the off-diagonal elements, since the
orbital basis is a basis which is diagonal in real space.
With the use of the momentum dependent unitary ma-
trix Uˆ(k), one can obtain the diagonal Hamiltonian ex-
pressed as
Uˆ †(k)Hˆorbital(k)Uˆ(k) =


λ1(k) 0 0
0
. . . 0
0 0 λN (k)

 , (27)
≡ Hˆband(k). (28)
The “band” basis is determined by the unitary transfor-
mation of the orbital basis in momentum space. If the
unitary matrix does not depend on momentum, one can
choose the basis which simultaneously diagonalizes the
Hamiltonian in both real and momentum spaces. Gener-
ally, the decoupled Eilenberger equations are derived by
neglecting the off-diagonal elements.
We show three examples that the decoupled Eilen-
berger theory is not appropriate as follows. The first
example is an impurity problem in the multi-band su-
perconductors. In the previous study[71], they assumed
that the impurity-induced self energy was described as
a momentum-independent band-diagonal matrix, which
lead to the decoupled Eilenberger equations. We point
out that this assumption induces non-local impurities in
real space, as follows. In the band basis with this as-
sumption, the Gor’kov equations become
Gˇbandk (z) = Gˇ
0band
k (z) + Gˇ
0band
k (z)Σˇ
band(z)Gˇbandk (z).
(29)
Here, Aˇband denotes the matrix defined by the ba-
sis which diagonalizes the normal-state Hamiltonian
Hˇorbitalk . To describe impurities in real space, one has
to use the orbital basis in real space. With use of the
unitary transformation from the band basis to the or-
bital basis, the impurity-induced self-energy in the or-
bital basis Σˇorbital should have a momentum dependence
expressed as
Σˇorbital(k, z) = Uˇ(k)Σˇband(z)Uˇ †(k), (30)
with
Uˇ(p) =
(
Uˆ(p) 0
0 Uˆ∗(−p)
)
. (31)
If the self-energy in the band basis is obtained by the
T -matrix approximation for randomly distributed point
5impurities given as
Σˇband(z) = nimpVˇ + nimp
∑
p
Vˇ Gˇ0 orbitalp (z)Vˇ , (32)
the self-energy in the orbital basis becomes
Σˇorbital(k, z) = nimpVˇ
orbital(k,k)
+ nimp
∑
p
Vˇ orbital(k,p)Gˇ0orbitalp (z)Vˇ
orbital(p,k), (33)
with the effective “non-local” impurity potential defined
as
Vˆ orbital(k,p) ≡ Uˇ(k)Vˇ Uˇ †(p). (34)
Therefore, the decoupled Eilenberger equations does not
describe the local impurity potentials.
The second example is the proximity-induced
impurity-robust p-wave effective order parameter on
the surface of a topological insulator, as discussed
later in Sec. VII E. With the use of the band basis, an
effective chiral p-wave order parameter can be derived
by the previous quasiclassical framework. This previous
framework, however, can not describe the robustness
against non-magnetic impurities, which was proposed by
directly solving the BdG equations[62]. The impurity
robust p-wave superconductor is naturally introduced in
our framework.
The third example is the appearance condition of
the Andreev bound states at a surface. In a single
band model, the Andreev bound states occur when the
sign of the gap function changes through the scattering
process[72]. In a multi band model, an ambiguity of the
”sign” of the order parameter makes the above statement
unclear. This ambiguity can not be resolved by the pre-
vious quasiclassical framework. In our multi-band qua-
siclassical Eilenberger approach, we can overcome this
difficulty by deriving the most appropriate effective or-
der parameter, which obeys the statement of the Andreev
bound states as discussed later in Sec. V I.
We can use the decoupled Eilenberger equations if
we assume the momentum-independent unitary matrix
(Uˇ(k) = Uˇ). In this assumption, however, we can not
treat the “orbital” character. Therefore, we propose the
general multi-band Eilenberger theory.
IV. QUASICLASSICAL TREATMENT I:
WAVE-FUNCTION APPROACH
In this section, we derive the quasiclassical equations
on the basis of the BdG equations. The quasiclassical
theory is founded on an assumption that the coherence
length ξ is much longer than the Fermi wave length 1/kF
(i.e. ξkF ≪ 1)[9]. This assumption is valid, if the or-
der parameter amplitude is much smaller than the Fermi
energy, and this condition is fully fulfilled in BCS weak-
coupling superconductivity. In this theory, the wave
function is expressed by a product of the fast oscillating
one characterized by the Fermi momentum pF and the
slowly varying one by the coherence length. We proposed
the quasiclassical theory for the multi-orbital topological
superconductor[44]. The generalization of this theory is
proposed in this section.
A. Assumptions
We assume that the eigen vector φ(r) in Eq. (7) is
expressed by a product of the fast oscillating one charac-
terized by the Fermi momentum and the slowly varying
one by the coherence length expressed as
φ(r) =
∑
kF
eikFrφ′kF(r), (35)
where
φ′kF(r) ≡
M∑
l=1
(
uNl (kF)f
kF
l (r)
vNl (kF)g
kF
l (r)
)
. (36)
Here, fkFl (r) and g
kF
l (r) correspond to slowly varying
components, uNl (kF), v
N
l (kF) are the fast oscillating
functions adopted as normal-state uniform eigenvectors
satisfying the eigen-equations,
HˇN1(k)
(
uNl (k)
vNl (k)
)
= ǫl(k)
(
uNl (k)
vNl (k)
)
, (37)
where
HˇN1(k) =
(
HˆN1(k) 0
0 HˆN1(−k)∗
)
. (38)
The Fermi surfaces in normal states are expressed by the
set of the zero-energy eigenvalues of HˆN1(k). The M -
eigenvalues ǫl(k) cross the Fermi level (i. e. ǫl(kF) = 0).
We assume that the eigenvalues near the Fermi level are
same (ǫ1(k), · · · , ǫM (k) = ξ(k)) expressed as
HˇN1(k)
(
uNl (k)
vNl (k)
)
= ξ(k)
(
uNl (k)
vNl (k)
)
. (39)
This assumption is appropriate when M denotes the in-
ternal degrees of freedom at the Fermi level as shown in
Fig. 2(a). We note that there is an exception as shown
in Fig. 2(b). For example, this exception occurs when
the Fermi level is located at the center of the Dirac cone.
However, the assumption is usually appropriate in many
realistic materials. We should note that there is the re-
lation between uNl (k) and v
N
l (k) at the Fermi energy
expressed as
vNl (kF) = u
N∗
l (−kF). (40)
B. Andreev-type equations
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FIG. 2. The schematic figures of the electron bands in the
multi-orbital system characterized by M = 2 at the Fermi
wave momentum kF.
By substituting Eq.(35) into the BdG equations (7), we obtain the Andreev-type quasiclassical equations. Eventu-
ally, we have the 2M × 2M quasiclassical BdG equations represented as (in detail, see Appendix A),( −ivF ·∇+ V0(r,kF) ∆eff(r,kF)
∆†eff(r,kF) ivF ·∇− V ∗0 (r,−kF)
)(
fkF(r)
gkF(r)
)
= E
(
fkF(r)
gkF(r)
)
, (41)
with introducingM×M matrices V0 and ∆eff defined by
V0(r,kF) ≡ U˜M†kF HˆN0(r)U˜MkF , (42)
∆eff(r,kF) ≡ U˜M†kF ∆ˆ(r,kF)U˜M∗−kF , (43)
with the N ×M matrix given by
U˜MkF = (u
N
1 (kF), · · · ,uNM (kF)). (44)
Here, the M -component vectors fkF(r) and gkF(r) de-
note fkF(r)T = (fkF1 (r), · · · , fkFM (r)) and gkF(r)T =
(gkF1 (r), · · · , gkFM (r)), respectively. The N × M matrix
has the relation expressed as
U˜M†k U˜
M
k = 1M×M . (45)
Note that U˜Mk U˜
M†
k 6= 1N×N ifM is not equal to N . With
the use of the N ×M matrix U˜Mk , the eigenvector φ(r)
in the BdG equations (7) is approximated as
φ(r) ∼
∑
k=kF
eikFr
(
U˜Mk f
kF(r)
U˜M∗−k g
kF(r)
)
. (46)
The resultant quasiclassical BdG equations (41) are
equivalent to the linearized BdG (Andreev) equations if
we consider the single band system (N = 1)[9]. Thus,
we successfully reduce the matrix dimension from the
number of the bands N to the number of the degenerated
Fermi levels M in this quasiclassical treatment.
C. Boundary condition at a specular surface
Let us discuss the boundary condition at a specular
surface. For simplicity, we consider that the material is
filled in the region z > 0. By assuming the translational
symmetry along the x and y axes which conserves the
momentum kF‖ = (kFx, kFy), the boundary condition is
given by
φ(kF‖, z = 0) = 0. (47)
First, we find the solutions which satisfy the above
boundary condition in normal states at the Fermi energy,
expressed as
uN(kF‖, z = 0) = 0. (48)
By solving the eigenvalue equations with the normal-
state N ×N Hamiltonian HˆN1(k):
HˆN1(kF‖, k
i
z)u
N
l,(kF‖,kiz)
= 0, (49)
the boundary condition becomes
K∑
i
M∑
l
cli(kF‖)u
N
l,(kF‖,kiz)
= 0. (50)
Note that kiz is a complex number and satisfies Im k
i
z ≥
0. Here, K denotes the number of kiz with the same
conserved momentum (kF‖). For example, in the case of
K = 2 and M = 1, the boundary condition is satisfied
only when the vector uN2,(kF‖,kz) is parallel to the vector
uN1,(kF‖,kz)
expressed as
uN2,(kF‖,kz) = e
iΦ12uN1,(kF‖,kz). (51)
Here Φ12 is the overall phase difference between these
two vectors. Thus, we obtain
c2 = −e−iΦ12c1. (52)
7In a superconducting state, we use the quasiclassically-
approximated wavefunctions. In the quasiclassical treat-
ment, the eigenvector φ(kF‖, r) in the BdG equations is
approximated as
φ(kF‖, r) ∼
K∑
i
eik
i
zz
(
U˜M(kF‖,kiz)
fk
i
z (kF‖, z)
U˜M∗(−kF‖,−kiz)
gk
i
z (kF‖, z)
)
, (53)
with the boundary conditions
K∑
i
M∑
l
cli(kF‖)f
kiFz
l (kF‖, z = 0) = 0, (54)
K∑
i
M∑
l
cl∗i (−kF‖)gk
i
Fz
l (kF‖, z = 0) = 0. (55)
Here, we define the N ×M matrix given by
U˜M(kF‖,kiz) = (u
N
1,(kF‖,kiz)
, · · · ,uNM,(kF‖,kiz)). (56)
In order to find the coefficients cli(kF‖), we have to solve
the boundary condition (50) in normal states. For ex-
ample, in the case of K = 2, the boundary condition in
Eq. (50) is expressed as
U˜M(kF‖,k1z)c
M
(kF‖,k1z)
+ U˜M(kF‖,k2z)c
M
(kF‖,k2z)
= 0, (57)
with cMT(kF‖,kiz)
= (c1i (kF‖), · · · , cMi (kF‖)). We show the
boundary conditions of two superconducting systems
with K = 2, which can be easily obtained, as exam-
ples. In the case of N = M , the solution of the boundary
condition (57) is
cM(kF‖,k2z)
= −U˜M†(kF‖,k2z)U˜
M
(kF‖,k1z)
cM(kF‖,k1z)
, (58)
since the relation U˜M(kF‖,k2z)
U˜M†(kF‖,k2z)
= 1N×N is satisfied.
Note that Eq. (58) is not the solution in Eq. (57) if N 6=
M . By substituting Eq. (58) into Eqs. (54) and (55), we
obtain
fk
2
z (z = 0) = −V˜ (kF‖,k
2
z)
(kF‖,k1z)
fk
1
z (z = 0), (59)
gk
2
z (z = 0) = −V˜ (−kF‖,−k
2
z)∗
(−kF‖,−k1z)
gk
1
z (z = 0), (60)
where the “transfer matrix” V˜
(kF‖,k
2
z)
(kF‖,k1z)
is determined as
V˜
(kF‖,k
2
z)
(kF‖,k1z)
≡ U˜M†(kF‖,k2z)U˜
M
(kF‖,k1z)
. (61)
Next, we consider the case of M = 1 and K = 2. The
boundary condition (52) becomes
fk
2
z(kF‖, z = 0) = −e−iΦ12fk
1
z(kF‖, z = 0), (62)
gk
2
z(kF‖, z = 0) = −eiΦ12gk
1
z(kF‖, z = 0), (63)
which is equivalent to the boundary condition in the sin-
gle band case when Φ12 = 0. We should note again that
the above boundary condition can be only used when
the normal-state eigenvectors with different momenta k1z
and k2z are parallel to each other shown in Eq. (51),
since we have to find the correct boundary condition for
fk
2
z(kF‖, z = 0) which satisfies Eq. (54).
The characteristic momentum kiz is obtained by solving
a normal-state eigenvalue equation (49) with the bound-
ary condition (50) at the Fermi energy. This momentum
kiz is usually a real number since wavefunctions with a
Fermi wave number can usually satisfy the boundary con-
dition. In this case, we solve the Andreev equations (41)
with the real-number momentum (kF‖, k
i
z). However,
the momentum kiz is not the Fermi wave number, when
there are bound states in normal states. The normal-
state wavefunction localized at a boundary is described
by a complex momentum. We will show the system which
needs the complex wave number to describe the bound
states, as discussed in Sec. VII.
We discuss the existence condition of solutions in
Eq. (50). With the use of the matrix representation, the
equation (50) is rewritten as
UC = 0, (64)
where the N ×MK matrix U and MK-dimension vector
C are defined as
U ≡ (U˜M(kF‖,k1z), · · · , U˜
M
(kF‖,kKz )
), (65)
C ≡


cM(kF‖,k1z)
...
cM(kF‖,kKz )

 . (66)
The above equations are linear homogeneous equations
with MK unknowns. These equations can have the so-
lutions when MK > N .
Finally, we note that the general boundary condition
for the conventional quasiclassical equations has been dis-
cussed by several groups[63, 64]. The incoming and out-
going wavefunctions are connected by the scattering ma-
trix Sˆ expressed as
φ(kout) = Sˆkoutkinφ(kin), (67)
where kin(out) is the wave number of the incoming (out-
going) quasiparticles. Here, Sˆ is the scattering matrix
defined at the Fermi energy in normal states[64]. The
above relation can be used to develop the general bound-
ary condition in the multi-band superconductors. The
development of the general boundary condition for the
multi-band quasiclassical equations is a future issue.
V. QUASICLASSICAL TREATMENT II:
GREEN’S FUNCTION APPROACH
In this section, we derive the equation of motion of
the quasiclassical Green’s function so-called Eilenberger
8equations in a multi-band system. The size of the matri-
ces of the Green’s function is reduced by the low-energy
projection.
A. Wigner representation
The Wigner representation is usually introduced in
terms of the derivation of the quantum Boltzmann equa-
tions. The transport-like equations of motions of the qua-
siclassical Green’s functions in the single band system are
systematically derived with the use of the Wigner rep-
resentations. We introduce the Wigner representation
defined by
Aˇ(R,k) ≡
∫
dr¯e−ik·r¯Aˇ(r1, r2)
∣∣∣
r1=R+r¯/2,r2=R−r¯/2
.
(68)
Here, R = (r1+ r2)/2 and r¯ = r1− r2 are the center-of-
mass coordinate and the relative coordinate, respectively.
The Gor’kov equations in the Wigner representation
are expressed by(
iωn − HˇN0(R) − HˇN1(k)− ∆ˇ(R,k)− Σˇ(R,k, iωn)
)
⋆ Gˇ(R,k, iωn) = 1ˇ. (69)
Here, we introduce the ⋆-product (Moyal product) deter-
mined by
Aˇ(R,k) ⋆ Bˇ(R,k) ≡ exp
[
i
2
(∇k′ ·∇R −∇k ·∇R′)
]
× Aˇ(R,k)Bˇ(R′,k′)
∣∣∣
k′=k,R′=R
. (70)
We note that there is another Gor’kov equation called the
“right-hand Gor’kov” equation. In terms of the Wigner
representation, the right-hand equation is expressed as
Gˇ(R,k, iωn)⋆(
iωn − HˇN0(R)− HˇN1(k)− ∆ˇ(R,k) − Σˇ(R,k, iωn)
)
= 1ˇ.
(71)
The local density of states with the Wigner representa-
tion is expressed as
N(r, E) =
−1
π
Im
[
lim
η→+0
∑
k
Tr Gˆ(r,k, iωn → E + iη)
]
.
(72)
Let us derive the quasiclassical equations from Eq. (69)
as follows. In superconductors, the characteristic length
of the center-of-mass coordinates is the coherence length
ξ, which is much longer than that of the relative coor-
dinates characterized by 1/kF. Assuming that the char-
acteristic coherence length is long, the Moyal product in
the first order of ∇R is given as
Aˇ(R,k) ⋆ Bˇ(R,k) ∼ Aˇ(R,k)Bˇ(R,k)
+
i
2
(
∇RAˇ(R,k) ·∇kBˇ(R,k)−∇kAˇ(R,k) ·∇RBˇ(R,k)
)
.
(73)
Then, the Gor’kov equations are expressed as (see, Ap-
pendix B)
(
iωn − HˇN0(R) − HˇN1(k)− ∆ˇ(R,k)− Σˇ(R,k, iωn)
)
Gˇ(R,k, iωn)
− i
2
∇R
[
HˇN0(R) + ∆ˇ(R,k) + Σˇ(R,k, iωn)
] ·∇kGˇ(R,k, iωn) + i
2
∇kHˇ
N1(k) ·∇RGˇ(R,k, iωn) = 1ˇ. (74)
The above equations are simultaneous differential equa-
tions with k and R. In a single-band system, the above
equations becomes the differential equations with respect
to R with a parameter kF (i.e. the quasiclassical Eilen-
berger equations), since we can eliminate the k-mixing
term ∇kGˇ(R,k, iωn), with the use of the contour inte-
gration with respect to the energy ξk and the relation
∇k ∝ ∂/∂ξk. Thus, in order to derive the multi-band
quasiclassical Eilenberger equations, the k-mixing term
∇kGˇ(R,k, iωn) has to be eliminated. However, we can
not simply integrate the above equations with respect to
ξk, since ξk is the energy obtained by diagonalizing the
Hamiltonian HˆN1(k) and the Gor’kov equations are de-
termined in the orbital basis. One has to characterize the
equation by the Fermi wave momentum in the low-energy
region.
B. Projection to the effective low-energy model
We introduce the projection matrix to develop the
multi-band quasiclassical theory. The projection matrix
eliminates the degree of freedom about the high energy
region. We define the 2N × 2N projection matrix Pˇk as
Pˇk ≡ UMk UM†k . (75)
9Here, the 2N × 2M matrix UMk is defined by
UMk ≡
(
U˜Mk 0
0 U˜M∗−k
)
, (76)
where the N × M matrix is defined by Eq. (44). The
projection operator satisfies the relation
PˇkPˇk = Pˇk, (77)
since the matrix UMk always satisfies the relation
UM†k U
M
k = 1¯2M×2M . (78)
In order to show the physical meaning of the projec-
tion matrix, we operate Pˇk on the homogeneous N -band
Green’s function in normal states determined by
Gˇ(k, iωn) = (iωn1ˇ− HˇN1(k))−1. (79)
The component of Gˇ(k, iωn) is expressed as
Gαβ(k, iωn) =
N∑
γ=1
U˜αγ(k)U˜
∗
βγ(k)
iωn − ǫγ(k) , (1 ≤ α, β ≤ N)
(80)
Here, the N × N unitary matrix U˜(k) diagonalizes
HˆN1(k) and ǫγ(k) is the γ-th eigenvalue of Hˆ
N1(k). Op-
erating Pˇk on Gˇ(k, iωn), we obtain
[
PˇkGˇ(k, iωn)
]
αβ
=
M∑
γ=1
U˜MkαγU˜
M∗
kβγ
iωn − ξk , (81)
with 1 ≤ α, β ≤ N . Here, we use the assumption in
(39). The above equation means that the projection
operator Pˇk eliminates the information of large eigen-
values from Gˇ(k, iωn). The difference δGˇ(k, iωn) ≡
Gˇ(k, iωn)− PˇkGˇ(k, iωn) becomes
[
δGˇ(k, iωn)
]
αβ
=
N−M∑
γ,ǫγ 6=0
U˜αγ(k)U˜
∗
βγ(k)
iωn − ǫγ(k) , (82)
with 1 ≤ α, β ≤ N . If the eigenvalues are located far
from the Fermi energy (|ωn| ≪ ǫγ(kF)), δGˇ(kF, iωn) be-
comes negligible small so that we can obtain the relation
expressed as
PˇkGˇ(k, iωn) ∼ Gˇ(k, iωn), (83)
which is appropriate in the low-energy region.
We introduce the 2M×2M reduced matrix A¯ expressed
as
A¯(k) ≡ UM†k Aˇ(k)UMk , (84)
where Aˇ is the 2N × 2N matrix used in the Gor’kov
equation (69). With the use of Eqs. (78) and (83), Aˇ can
be expressed by
Aˇ(k) ∼ UMk A¯(k)UM†k , (85)
in the low-energy region (k ∼ kF).
C. Multi-band quasiclassical Green’s function
Let us construct the 2M × 2M quasiclassical multi-
band Eilenberger equations in the projected space. By
multiplying the the both sides in Eq. (74) by the matrices
UM†k and U
M
k , subtracting the right-hand Gor’kov equa-
tion, and integrating over ξk (in detail, see Appendix C),
we obtain 2M×2M quasiclassical multi-band Eilenberger
equation expressed as
ivF(kF) ·∇Rg¯R(kF, z) +
[
zσ¯z − V¯0R(kF)σ¯z − ∆¯R(kF)σ¯z − Σ¯R(kF, z)σ¯z, g¯R(kF, z)
]
−
= 0, (86)
where we introduce the 2M × 2M Green’s function, non-
local potentials, order parameters, and self-energies de-
termined by
G¯R(k, z) ≡ UM†k Gˇ(R,k, z)UMk (87)
V¯0R(k) ≡ UM†k HˇN0(R)UMk , (88)
∆¯R(k) ≡ UM†k ∆ˇ(R,k)UMk , (89)
Σ¯R(k, z) ≡ UM†k Σˇ(R,k, z)UMk . (90)
Here, σ¯z denotes the Pauli matrix in the Nambu-Gor’kov
space and we define the 2M × 2M quasiclassical Green’s
function expressed as
g¯R(kˆF, z) ≡
∮
dξkσ¯zG¯(R,k, z), (91)
where
∮
means taking the contributions from poles close
to the Fermi surface. The matrix structure of the above
equation is equivalent to that of the single-band Eilen-
berger equation. When the eigenvalue is not degenerated
(M = 1), the 2 × 2 equation (86) can be regarded as
that in a spin-singlet single band superconductor[46–48].
Therefore, we call the 2M × 2M matrix representation
the “single-band description”. The band index α is useful
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to compare with the present multi-band theory by replac-
ing g¯αR(kˆF, z) as g¯R(kˆF, z). The multi-band Eilenberger
equations (86) are similar to the decoupled Eilenberger
equations Eq. (23). We should note that our multi-band
theory includes the orbital characters, since all matrices
are determined in the projected space. For example, the
self-energy with the T -matrix approximation depends on
the momentum as discussed in Eq. (32).
We should note that the normalization condition is
equivalent to that in the single-band system expressed
as (in detail, see Appendix D)
g¯g¯ = −π21¯. (92)
D. Relations in the projected space
Let us discuss the relations satisfied in the pro-
jected space. M × M order parameter is defined in
Eq. (43). If the original order parameter have the re-
lation ∆ˆ(R,k)†∆ˆ(R,k) = ∆0(R,k)1N×N , the projected
order parameter have the similar relation:
∆eff(R,k)
†∆eff(R,k) ∼ ∆0(R,k)1M×M , (93)
because of U˜Mk U˜
M†
k ∆ˆ(R,k) ∼ ∆ˆ(R,k) near the Fermi
energy. Here, ∆eff(R,k) is determined in Eq. (43). This
indicates that the unitarity of the order parameter is con-
served in the projected space.
E. Physical quantities and Gap equations
Let us express physical quantities with the use of the
multi-band quasiclassical Green’s function. By substitut-
ing Eq. (85) into Eq. (72), the local density of states is
expressed as
N(r, E) =
−1
π
Im
[
lim
η→+0
∑
k
Tr G¯11(r,k, iωn → E + iη)
]
,
(94)
=
−1
π
Im
[
lim
η→+0
〈Tr g¯11(r,k, iωn → E + iη)〉kˆF
]
,
(95)
where G¯11 and g¯11 denote (1, 1)-element
in the particle-hole space, the bracket de-
notes the Fermi-surface average 〈· · · 〉
kˆF
=∫ · · · dSF(kˆF)|vF(kˆF)|−1/ ∫ dSF(kˆF)|vF(kˆF)|−1. Other
physical quantities can be expressed by the multi-band
quasiclassical Green’s function in the same manner.
Finally, we complete the multi-band quasiclassical the-
ory by giving the self-consistent equations for the order
parameters. The gap equations in the Wigner represen-
tation is given as
∆ˆαβ(R,k) = −T
N∑
k′,γγ′
∑
n
Vβα;γγ′(k,k
′)Fˆγγ′(R,k
′, iωn)
(96)
By using Eq. (89), the M ×M order parameter matrix
is expressed by
∆effl1l2R(kF) =
− T
∑
n
M∑
l3l4
〈V¯ l1l2l3l4 (kˆF, kˆ′F)g¯12l3l4R(kˆ′F, iωn)〉kˆ′F , (97)
where g¯12 denotes (1, 2)-element in the particle-hole
space and V¯ l1l2l3l4 (kˆF, kˆ
′
F) is the effective interaction ex-
pressed as
V¯ l1l2l3l4 (kˆF, kˆ
′
F) ≡
∑
αβγγ′
Vβα;γγ′(kF,k
′
F)
× U˜M∗kFαl1 U˜M∗−kFβl2U˜Mk′Fγl3U˜
M∗
−k′
F
γ′l4
. (98)
We can simplify the above gap equations if the pairing
interaction has a separable form expressed as[65]
Vβα;γγ′(k,k
′) = Vαβ(k)Vγγ′(k
′). (99)
Here, we use the relation Vβα;γγ′(k,k
′) =
Vγ′γ;αβ(k
′,k)[40]. The gap equations in this case
are given as
∆R = −T
∑
n
M∑
l3l4
〈V˜ ∗l3l4(kˆ′F)g¯12l3l4R(kˆ′F, iωn)〉kˆ′
F
, (100)
with
∆effR(kF) ≡ ∆RV˜ (kˆF), (101)
V˜ (kˆF) ≡ U˜M†kF V (kF)U˜M∗−kF , (102)
where we assume that Vγγ′(k
′)∗ = Vγγ′(k
′).
F. Perturbative approach in the quasiclassical
theory: Zeeman and spin-orbit couplings
In this section, we discuss the method to treat the Zee-
man and spin-orbit couplings. In the previous studies[34,
35, 66–68], they used the 4×4 matrix quasiclassical Eilen-
berger equations in spin and Nambu spaces expressed as
ivF ·∇RgˇR(kF, z)
+
[
zσz − ∆ˇσz − Hˇ1(kF)σz , gˇR(kF, z)
]
−
= 0. (103)
Here, σi denotes the Pauli matrix in the Nambu space
and Hˇ1(kF) includes the spin-orbit and/or Zeeman cou-
pling terms. These quasiclassical equations can describe
a vortex state in a Fulde-Ferrell-Larkin-Ovchinnikov
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superconductor[68]. In terms of our theory, the above
equations are obtained by assuming that the number of
degenerated Fermi surfaces is two (M = 2). In general,
however, the Zeeman and spin-orbit interactions split the
degenerated bands (i. e. M = 2→M = 1 ). Thus, it is
found that the previous studies assume that the Zeeman
and spin-orbit interactions are weak. With the use of
the perturbative approach in the multi-band quasiclassi-
cal theory, we can derive the above equations as follows.
Let us divide HˆN1(k) in Eq. (39) into the two terms as
HˆN1(k) = HˆN10 (k) + Hˆ1(k). (104)
Thus, in order to construct the projection operator Pˇk,
we can use the eigenvectors obtained by
HˆN10 (k)u
i
k = ξku
i
k. (105)
This approach is appropriate for the case that the inter-
band pairing between the different Fermi surfaces is im-
portant. The perturbative Zeeman field enables us to
treat the Pauli paramagnetic depairing in the quasiclas-
sical framework.
G. Riccati-type equations
It is known that it is difficult to numerically solve the
quasiclassical Eilenberger equations[12], since the equa-
tions have a divergent solution as a particular solution.
A careful computational treatment is required for inte-
grating the Eilenberger equations with the use of the so-
called explosion method[69]. To avoid this difficulty, the
Riccati-type equations, which are obtained by a special
parametrization form of the quasiclassical Green’s func-
tion, are used[37–39, 41–43]. In addition, to solve the
Riccati equation stably, we have proposed the efficient
numerical method for obtaining unique solutions in the
single-band Eilenberger framework[12]. We show that it
is easy to expand this method into the multi-band sys-
tems. For simplicity, we neglect the self-energy Σ¯ = 0.
We use a special parametrization form of the quasiclas-
sical Green’s function to solve Eq. (86). The solution g¯
of Eq. (86) can be written as,
g¯ = −iπN¯
(
(1˜− a˜b˜) 2ia˜
−2ib˜ −(1˜− b˜a˜)
)
, (106)
N¯ =
(
(1˜ + a˜b˜)−1 0
0 (1˜ + b˜a˜)−1
)
, (107)
where M ×M matrices a˜ and b˜ are the solutions of the
following matrix-type Riccati differential equations:
vF ·∇a˜ = −2ωna˜− a˜∆˜†a˜+ ∆˜. (108)
vF ·∇b˜ = 2ωnb˜+ b˜∆˜b˜− ∆˜†. (109)
Since the above equations contain∇ only through vF ·∇,
these can be reduced to a one-dimensional problem on a
straight line in the direction of the Fermi velocity vF:
vF
∂a˜
∂s
= −2ωna˜− a˜∆˜†a˜+ ∆˜. (110)
vF
∂b˜
∂s
= 2ωnb˜+ b˜∆˜b˜− ∆˜†. (111)
In a bulk system with ∆˜†∆˜ ∝ 1˜, the solutions of the
Riccati equations are
a˜(ωn) =
∆˜
ωn +
√
ω2n +
1
2Tr ∆˜∆˜
†
, (112)
b˜(ωn) =
∆˜†
ωn +
√
ω2n +
1
2Tr ∆˜∆˜
†
. (113)
According to the previous paper[12], putting a˜(sa) = 0
and b˜(sb) = 0 as initial values, one can obtain physical
solutions by integrating the Riccati equations. Here, sa
and sb are initial spatial points.
H. Boundary condition for the Riccati parameters
at a specular surface
To solve Riccati-type differential equations, one has to
consider the boundary condition for Riccati parameters
a˜ and b˜. In this section, we consider a specular surface.
In the case of M = 1 or M = 2, we can show the trans-
formation of the linearized BdG equations to the matrix
Riccati equations. Thus, the boundary condition for the
Riccati parameters can be determined explicitly. We note
that, in many materials, the number of the degenerated
Fermi levels M is not larger than M = 2.
If the Fermi level with a certain momentum kF is not
degenerated (M = 1), the Riccati equations are derived
by the relation:
a˜(r,kF) = i
fkF(r)
gkF(r)
. (114)
With the use of the boundary condition for wavefunctions
in Eqs. (62) and (63), the boundary condition at a surface
z = 0 with K = 2 is given by
a˜(k2Fz) = e
−2iΦ12 a˜(k1Fz). (115)
If the Fermi level is doubly degenerated (M = 2), we find
the relation expressed as
a˜(r,kF) = iU(kF, r)V (kF, r)
−1 (116)
where the 2 × 2 matrices U(kF, r) and V (kF, r) are de-
termined by
U(kF, r) ≡
(
fkF(r) −g−kF(r)∗ ) , (117)
V (kF, r) ≡
(
gkF(r) f−kF(r)∗
)
. (118)
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We obtain the boundary condition at a surface z = 0
with K = 2 and N =M = 2 expressed as
a˜(k2Fz) = V˜
(kFx,kFy,k
2
Fz)
(kFx,kFy,k1Fz)
a˜(k1Fz)
[
V˜
−(kFx,kFy,k
2
Fz)∗
−(kFx,kFy,k1Fz)
]−1
.
(119)
Note that V˜
(kFx,kFy,k
2
Fz)
(kFx,kFy,k1Fz)
is determined in Eq. (61).
I. Arbitrary transformation about normal-state
eigenvectors: Appearance condition of the Andreev
bound states
We discuss an arbitrariness of the N ×M matrix U˜MkF .
With the use of this arbitrariness, one can discuss the
appearance condition of the Andreev bound states in
multi-band superconductors. As shown in Eq. (44), the
N ×M matrix U˜MkF consists of the zero-energy degener-
ated eigen vectors about the normal-state Hamiltonian
HˆN1(k). Because of the degeneracy, it should be noted
that the N × M matrix U˜MkF has additional degrees of
freedom expressed as
U˜M
′
kF
= U˜MkFAˆkF , (120)
with a M ×M arbitrary unitary matrix AˆkF . Although
this matrix does not change the 2N × 2M projection
matrix PˇkF , the representation of the effective order pa-
rameters ∆eff(r,kF) determined in Eq. (43) depends on
the matrix AˆkF , expressed as
∆eff(r,kF) = Aˆ
†
kF
U˜M†kF ∆ˆ(r,kF)U˜
M∗
−kFAˆ
∗
−kF . (121)
It should be noted that this arbitrary transformation
does not change any physical quantities, since the ma-
trix AˆkF changes the boundary condition. With the use
of the unitary matrix AˆkF , we can simplify the boundary
condition as follows.
In the case of K = 2 and N = M , the boundary con-
ditions (59) and (60) become
fk
2
z (z = 0) = −V˜ ′(kF‖,k
2
z)
(kF‖,k1z)
fk
1
z (z = 0), (122)
gk
2
z (z = 0) = −V˜ ′(−kF‖,−k
2
z)∗
(−kF‖,−k1z)
gk
1
z (z = 0), (123)
where
V˜ ′
(kF‖,k
2
z)
(kF‖,k1z)
≡ Aˆ(kF‖,k2z)V˜
(kF‖,k
2
z)
(kF‖,k1z)
Aˆ†(kF‖,k1z)
. (124)
By using the matrix AˆkF satisfying the relation
Aˆ(kF‖,k2z) = Aˆ(kF‖,k1z)(V˜
(kF‖,k
2
z)
(kF‖,k1z)
)†, (125)
we obtain the simplified boundary condition expressed as
fk
2
z (z = 0) = −fk1z(z = 0), (126)
gk
2
z (z = 0) = −gk1z(z = 0). (127)
In addition, in the case of K = M = N = 2, the bound-
ary condition for the Riccati amplitudes (119) becomes
a˜(k2Fz) = a˜(k
1
Fz), (128)
The above boundary condition is equivalent to that for
spin-triplet superconductivity in the past quasiclassical
treatment. In the case of an effective one-band system
(M = 1) with K = 2, the 1 × 1 unitary matrix AˆkF is
rewritten as AˆkF = e
iφkF . Thus, we can erase the overall
phase Φ12 in Eq. (52), The boundary condition becomes
fk
2
z (z = 0) = −fk1z(z = 0), (129)
gk
2
z (z = 0) = −gk1z(z = 0). (130)
We obtain the boundary condition for the Riccati ampli-
tude expressed as
a˜(k2Fz) = a˜(k
1
Fz), (131)
which is completely equivalent to the boundary condition
in the single-band quasiclassical Eilenberger theory.
Now, we can discuss the appearance condition of the
Andreev bound state at a surface in multi-band super-
conductors. In a single band model, the Andreev bound
states occur when the sign of the gap function changes
through the scattering process. In the case of K = 2
and M = 1, we can easily discuss the appearance condi-
tion of the Andreev bound states. Note that the bound
states appear if the condition (51) is satisfied in this case.
To use the above boundary conditions (131), the order
parameter matrix after the scattering process should be
∆eff(r,k
2
F) = e
−i
(
Φ
k
2
F
k1
F
+Φ
−k2
F
−k1
F
)
U˜M†
k2
F
∆ˆ(r,k2F)U˜
M∗
−k2
F
(132)
with
e
iΦ
k
2
F
k1
F ≡ U˜M†
k2
F
U˜M
k1
F
. (133)
The quasiclassical Green’s function at a surface diverges
when the relation
1 + a(iωn → ǫ+ iη,k1F)b(iωn → ǫ + iη,k2F) = 0 (134)
is satisfied.[48] With the use of the bulk solutions in
Eqs. (112) and (113), the appearance condition of the
zero-energy Andreev bound states becomes
|∆eff(k1F)||∆eff(k2F)|+∆eff(k1F)∆eff(k2F)∗ = 0. (135)
Thus, the sign of the order parameter is important for the
appearance condition of the Andreev bound state even in
multi-band superconductors.
VI. MULTI-BAND EFFECTS
We discuss the physical meanings of the multi-band
quasiclassical theory described by Eq. (86). In our theory,
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FIG. 3. The schematic figure of the electron bands in the
three-orbital superconductors.
the “multi-band” effect is characterized by two factors.
The first factor is how many solutions are in Eq. (39)
(i.e. the information of the eigenvalues). The second
one is how the orbitals are mixed in Eq. (39) (i.e. the
information of the eigenvectors).
A. Eigenvalues
We discuss the eigenvalues obtained in Eq. (39). In the
quasiclassical theory, the number of the solutions at the
Fermi surfaceM characterizes the multi-band effect. For
example, in the three-orbital spin-singlet superconduc-
tors, the superconducting order parameter is described
by a 3 × 3 matrix (N = 3) in Eq. (6). Let us consider
that the only one band crosses the Fermi energy at the
Fermi surface with the Fermi wave number kF (M = 1)
as shown in Fig. 3. In this case, the other bands must
have the much higher or lower energies. Thus, the super-
conducting order parameters on or between these bands
(e. g. ∆11(kF) or ∆12(kF)) can not affects the physi-
cal quantities, since these order parameters (∼ meV) are
much smaller than the energy scales of electron bands (∼
eV). Therefore, the 1× 1 order parameter matrix on the
band crossing the Fermi energy (e. g. ∆22(kF) in Fig. 3)
is only effective for the superconductivity. In terms of the
above point, many multi-band superconductors such as
MgB2 or iron-pnictides can be described by the single-
band superconducting gap because of M = 1 in these
materials.
B. Eigenvectors
We discuss the eigenvectors in Eq. (39), which de-
scribes the ratio of the hybridization of the orbital char-
acters at the Fermi wave number kF. The multi-band
effects are described by these eigenvectors. For example,
we consider the impurity self-energy with the Born ap-
proximation. In our framework, 2M × 2M self-energy
becomes
Σ¯(kF, iωn)σ¯z = nimpV¯ (kF,kF)
+ nimp〈V¯ (kF,k′F)g¯(k′F, iωn)V¯ (k′F,kF)〉k′F , (136)
where we determine
V¯ (kF,k
′
F) ≡ UM†kF Vˇ0σˇzUMk′F . (137)
In the case of an effective single band system (M =
1), V¯ (kF,k
′
F) becomes the 2 × 2 matrix and its (1, 1)-
component is expressed as
V¯ 11(kF,k
′
F) = u
†
1(kF)Vˆ0u1(k
′
F) (138)
with
HˆN1(kF)u1(kF) = 0. (139)
In the case of Vˆ0 ∝ 1ˆ, the strength of the multi-band ef-
fects can be determined by the orthogonality between the
eigenvectors at the different Fermi momenta. We note
the case of the T -matrix approximation for randomly dis-
tributed impurities. The 2N × 2N matrix self-energy is
written as
Σˇ(iωn)σ¯z = nimpTˇ (iωn), (140)
where
Tˇ (iωn) = Vˇ0 +
∑
k′
Vˇ0Gˇk′ (iωn)Tˇ (iωn). (141)
In our framework, the self-energy with 2M × 2M matrix
form is obtained as
Σ¯(kF, iωn) = nimpT¯kFkF(iωn), (142)
where
T¯kFk′F(iωn) = V¯ (kF,k
′
F) + 〈V¯ (kF,k′′F)g¯(k′′F, iωn)T¯k′′F,k′F〉k′′F .
(143)
Thus, the eigenvectors of the normal state Hamiltonian
are important to describe the impurity effects.
C. Non-local anisotropic potentials in the
projected space
As shown in the previous sections, the multi-band
Eilenberger equations (86) have the orbital characters
through the matrix U˜M (kF). It should be noted that the
matrix U˜M (kF) makes the potential Hˇ
N0(R) non-local
and anisotropic. The non-locality originates from the
non-unitary transformation which erases the information.
Non-local potentials have been used as pseudo-potentials
in the first-principles calculations. In the first-principle
calculations, the pseudo-potential method which treats
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valence electrons only is commonly used to erase the de-
grees of inner-shell electrons. In our theory, the non-
local potentials are used to erase the fast oscillations
characterized by kF. The multi-band effects are under-
stood by the non-locality and anisotropy in the projected
space. The effective potential V¯0R(kF) in Eq. (86) is non-
local and anisotropic, since the potential depends on the
center-of-mass coordinate R and the relative coordinate
kF. The non-locality and anisotropy can be easily un-
derstood through the example of the self-energy with the
Born equation expressed as Eq. (136). The above self-
energy can be regarded as that made from the non-local
potential V¯ (r, r′). We should note that the non-locality
and anisotropy are strong in the iron-based superconduc-
tors, since d-orbitals are strongly entangled at the Fermi
level.
D. Differences between the present and previous
quasiclassical multi-band frameworks
We discuss the differences between the present and pre-
vious quasiclassical multi-band treatments. Fundamen-
tally, note that our framework is an extension of a previ-
ous single-band Eilenberger framework. Thus, we make
the derivation similar to the previous single-band one.
Our main point is the low-energy projection which sys-
tematically reduces a N -band system to a M -band sys-
tem. There are two kinds of the reductions in our paper.
The first one is same as that in the previous paper[47],
which uses Fermi velocities and Green’s functions at the
Fermi level in normal states. The second one is the re-
duction of the band-degree of freedom, which was not
mentioned in Ref. et al. Our equations can treat the off-
diagonal elements of a Green’s function between bands.
A previous theory treated inter-band effects only through
gap-equations not the Eilenberger equations. Note that
the results in the previous papers using the quasiclassical
theory were obtained only in the problem which the pre-
vious framework was available. Our framework extends
the applicable region of the quasiclassical theory.
We claim that there was no multi-band Eilenberger
equation which can treat inter-band effects correctly in
inhomogeneous systems. In the previous framework, for
example, it is hard to study the vortex bound states with
impurities in complicated multi-band superconductors,
such as iron-based superconductors. One usually consid-
ers the five-orbital model for the iron-based superconduc-
tors whose Fermi surfaces are constructed by only three-
bands. In this case, the decoupled Eilenberger equations
have three band indices. When one introduces a self
energy (e.g. the impurity-induced self energy), the off-
diagonal elements of the self energy can not be described
by the decoupled Eilenberger equations. On the other
hand, such a self-energy matrix should be defined by
the Dyson equation with Feynman-diagram techniques
in five-orbital model. In addition, band-coupled Eilen-
berger equations except for our framework can be con-
structed only in the case that the Fermi velocities are the
same in the different bands, since the decoupled Eilen-
berger equations with a band index are characterized by
a Fermi velocity on the band.
Finally, we show the example which makes clear differ-
ence between our and previous frameworks, qualitatively.
The corrections in our framework describe the multi-
orbital effects. Multi-band effects in the present frame-
work are necessary to correctly calculate a reduction of
the critical temperature caused by impurities. While the
self energy with T-matrix approximation induced by the
randomly-distributed impurities does not depend on the
momentum in the previous decoupled Eilenberger theory,
the self-energy in our Eilenberger equation depends on
momentum. If the momentum dependence is neglected,
the quasiclassical theory can not correctly calculate the
reduction of the critical temperature. We show the
qualitative difference between the present and previous
frameworks in the system on the topological insulator in
Sec. VII E. The theoretical calculation by directly solving
the BdG equations suggested that the proximity-induced
superconductivity on the surface of the topological insu-
lator is robust against non-magnetic impurities[62]. The
present multi-band framework can correctly describe the
robustness. The previous quasiclassical framework, how-
ever, can not reproduce this robustness.
VII. MULTI-BAND QUASICLASSICAL
APPROXIMATIONS IN VARIOUS KINDS OF
SYSTEMS: EXAMPLES
In this section, we apply the multi-band quasiclassical
theory in the various kinds of systems as examples.
A. Noncentrosymmetric Superconductors: CePt3Si
We show that our multi-band quasiclassical theory
makes the past debates clear. The noncentrosymmetric
superconductor CePt3Si has the Rashba-type spin-orbit
interaction due to the lack of the inversion symmetry[16,
49]. The mixed spin-singlet-triplet model has been used
to study this material. By assuming that the spatial
variations of the s-wave pairing component of the pair
potential are the same as those of the p-wave pairing
component, the gap function is expressed as
∆ˆ(k) = [Ψσ0 + dk · σ] iσy. (144)
Here, σi is the Pauli matrix in spin space. The normal-
state Hamiltonian with the Rashba-type spin-orbit cou-
pling is written as
Hˆ(k) = (λk − µ)σ0 + gk · σ, (145)
where the spin-orbit interaction satisfies the relation
g−k = −gk. Here, λk is the dispersion without the spin-
orbit interaction. We determine gk as[16, 49]
gTk ≡ g(− sinφ sin θ, cosφ sin θ, 0). (146)
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We assume that the d-vector is parallel to gTk expressed
as
dTk ≡ ∆d(− sinφ sin θ, cosφ sin θ, 0). (147)
In the previous papers[49], from the original Eilenberger
equation for noncentrosymmetric superconductivity[50,
53], they have obtained two equations corresponding to
these split Fermi surface I and II in the case of the s+p-
wave pairing state,[51]
ivI,II ·∇gˇI,II + [iωnτˇ3 − ∆ˇI,II, gˇI,II] = 0. (148)
where ∆ˇI,II = [(τˇ1+ iτˇ2)∆I,II− (τˇ1 − iτˇ2)∆∗I,II]/2, ∆I,II =
ψ±∆d sin θ are the order parameters on the Fermi surface
I and II, (τˇ1, τˇ2, τˇ3) are the Pauli matrices in the particle-
hole space, and the commutator [aˇ, bˇ] = aˇbˇ − bˇaˇ. There
are many successes with the use of the above decoupled
equations. We should note that there are some debates
about the appropriate region of the above approach[52].
In the real material such as CePt3Si, there is the strong
spin-orbit coupling (∼ eV ). It has been not clear whether
this approach is the weak-spin-orbit coupling approach,
since the two same-size spherical Fermi surfaces are as-
sumed. The difference of the size of the each Fermi sur-
face depends on the strength of the spin-orbit coupling.
On the other hand, the size of the Fermi surfaces is nat-
urally considered in our multi-band theory.
Let us apply the multi-band quasiclassical theory to
the noncentrosymmetric superconductors in order to de-
rive the decoupled Eilenberger equations Eq. (148) di-
rectly from the Hamiltonian (145). The eigenvalues of
the 2× 2 matrix in Eq. (145) is given by
ǫ±(k) = λk − µ± |gk|. (149)
Although there are two Fermi surfaces, the eigenvalue is
not degenerated so that we obtain M = 1. The eigenvec-
tors associated with ǫ±(k) are expressed as
u+
k
=
1√
2
( −ie−iφ
1
)
, (150)
u−k =
1√
2
(
1
−ieiφ
)
. (151)
The 1× 1 effective gap function is given as
∆± = ±ie±iφ(Ψ±∆d sin θ). (152)
The above effective gap function is not equivalent to ∆I,II
in the previous paper. We should note that a representa-
tion of the effective gap function has an arbitrary degree
of freedom expressed as
∆eff(φ, θ)
′ = A(φ, θ)†∆eff(φ, θ)A(φ + π, θ + π)
∗, (153)
as discussed in Sec. V I. Thus, we can use a 1×1 arbitrary
unitary matrix in order to change a representation of the
effective gap. With the use of the 1 × 1 unitary matrix
A±(φ, θ) defined as
A±(φ, θ) = ±e±i
φ
2 , (154)
the effective gap function can be rewritten as
∆′± = Ψ±∆d sin θ, (155)
which is equivalent to that in the previous papers.[16, 49]
Next, we assume the degenerated Fermi surface (M =
N = 2), which is appropriate when |gk| ≪ 1. With the
use of the unitary matrix A(φ, θ) defined as
A(φ, θ) ≡
(
ei
φ
2 0
0 −e−iφ2
)
, (156)
the effective gap function can be rewritten as
∆eff(φ, θ)
′ =
(
Ψ+∆d sin θ 0
0 Ψ−∆d sin θ
)
. (157)
In terms of the multi-band quasiclassical theory, we clar-
ify that the decoupled equations (148) are valid with the
arbitrary strength spin-orbit coupling.
Finally, we consider a specular reflection at a surface
perpendicular to x−y plane. We consider that the quasi-
particles before and after a scattering have momentum
k1 = (φ1, θ), k2 = (φ2, θ), respectively. By assuming
the degenerated Fermi surface (M = N = K = 2), the
unitary matrix with A(φ, θ) in Eq. (156) becomes
U˜Mk =
1√
2
( −ie−iφ/2 −e−iφ/2
eiφ/2 ieiφ/2
)
, (158)
whose effective order parameter is given in Eq. (157).
The transfer matrix V˜ k2k1 ≡ U˜
M†
k2
U˜Mk is expressed as
V˜ k2k1 =
(
cos∆φ − sin∆φ
sin∆φ cos∆φ
)
, (159)
with ∆φ ≡ (φ1 − φ2)/2. This transfer matrix suggests
that both intra- and inter-band scatterings occur at a
specular surface. The surface bound states and spin cur-
rents discussed in the previous paper[59] can be explained
in terms of this band-active surface.
B. Three-orbital model: Sr2RuO4
Let us apply our theory to a multi-band supercon-
ductor. In this section, we consider Sr2RuO4 as the
three-band superconductor. The many tight-binding
models for Sr2RuO4 have been proposed by several
authors[36, 54–57]. According to Ref. 36, the effec-
tive tight-binding Hamiltonian is expressed by the three-
orbital model characterized by dyz-, dxz-, and dxy- or-
bitals (N = 3) expressed as
Hˇ(k) =

 ǫyzk − µ ǫoffk + iλ −λǫoffk − iλ ǫxzk − µ iλ
−λ −iλ ǫxyk − µ

 , (160)
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FIG. 4. (Color online) Fermi surfaces for the three-band su-
perconductor Sr2RuO4.
where
ǫyzk = −2t2 cos(kx)− 2t1 cos(ky),
ǫxzk = −2t1 cos(kx)− 2t2 cos(ky),
ǫxyk = −2t3(cos(kx) + cos(ky))− 4t4 cos(kx) cos(ky)
− 2t5(cos(2kx) + cos(2ky)),
ǫoffk = −4t6 sin(kx) sin(ky), (161)
with λ = 0.032, t1 = 0.145, t2 = 0.016, t3 = 0.081, t4 =
0.039, t5 = 0.005, t6 = 0, and µ = 0.122. Here, we adopt
the material parameters in Ref. 36, which can successfully
describe the three Fermi surfaces for Sr2RuO4 as shown
in Fig.4. We call each band as band I, band II, and band
III in ascending order of the eigenvalues.
We consider the non-magnetic impurities to discuss the
non-local anisotropic effective potential. We introduce
the in-plane anisotropy of the effective potential defined
as
V (θ, θ′) ≡ u†
kF(θ)
ukF(θ′), (162)
Here, kF(θ) denotes the position of the most inner Fermi
surface (i.e. band III) in momentum space (kF(θ) =
kF(θ)(cos θ, sin θ)). As shown in Fig. 5, the right-angled
scatterings suppress in the most inner Fermi surface.
This suppression originates from the fact that the eigen-
vector associated with kF(θ = 0) mainly consists of dxz
orbital and the eigenvector associated with kF(θ
′ = 0)
mainly consists of dyz orbital.
C. Heavy fermion CeCoIn5/YbCoIn5 superlattice:
The perturbative approach
In this section, we consider the system with both the
spin-orbit coupling and the Zeeman interaction. The
locally noncentrosymmetric systems are realized in the
heavy fermion CeCoIn5/YbCoIn5 superlattice[60]. In
FIG. 5. (Color online) The in-plane anisotropy of the effective
potential |V (θ, θ′)| at the most inner Fermi surface in the
three-band superconductor Sr2RuO4.
these systems, the layer-dependent spin-orbit coupling
induces the exotic superconducting states. In the N -
layer spin-singlet s-wave superconductor, the multi-band
Eilenberger equations with 4N×4N matrix quasiclassical
Green’s function are written as
ivF ·∇gˇ +
[
zτˇz − ∆ˇ− Kˇ(kF), g¯
]
−
= 0, (163)
with
Kˇ(kF) ≡
(
t⊥Hˆinter + µBhHˆZ
)
τˇ0
+
(
HˆSO(kF) 0
0 Hˆ∗SO(−kF)
)
, (164)
τˇz =
(
σ0 ⊗ IN×N 0
0 −σ0 ⊗ IN×N
)
(165)
∆ˇ =
(
0 ∆ˆ
−∆ˆ† 0
)
, (166)
Hˆinter = σ0 ⊗ T⊥, (167)
HˆZ = −σz ⊗ IN×N , (168)
HˆSO(kF) = g(kF) · σ ⊗ Sd. (169)
Here, σz is the 2 × 2 Pauli matrix, IN×N is the unit
matrix, T⊥ is the hopping matrix between layers, and
Sd = diag(αi, · · · , αN ) denotes the layer-dependent spin-
orbit interaction. In the above equations, the hopping,
the Zeeman, and the spin-orbit coupling terms are re-
garded as the perturbations with 2N -degenerated Fermi
surfaces. With the use of this perturbation theory, one
can treat the inhomogeneous system with vortices[61].
D. Topological superconductors with the strong
spin-orbit coupling: CuxBi2Se3
We discuss the boundary condition in the three-
dimensional topological superconductor with the strong
17
spin-orbit coupling in this section. CuxBi2Se3 is the
one of the candidates of the topological superconductors
where the topologically protected Majorana bound states
form at the boundary. We have proposed the quasi-
classical framework on topological superconductors with
strong spin-orbit coupling[44]. In the previous paper[44],
we have obtained the linearized BdG equations called An-
dreev equations by decomposing the slow varying com-
ponent from the total quasi-particle wave function. Ap-
plying this quasiclassical treatment, the original massive
Dirac BdG Hamiltonian derived from the tight-binding
model represented by 8 × 8 matrix is reduced to 4 × 4
one. The resultant Andreev equations become equiva-
lent to those of spin-singlet or triplet superconductors
without the spin-orbit coupling. In this section, we show
that the same result is obtained by the Green’s function
techniques.
The normal-states effective Hamiltonian for CuxBi2Se3
is expressed as
Hˆ(k) =
(
(M(k)− µ)σ0 k · σ
k · σ (−M(k)− µ)σ0
)
. (170)
Here σi denotes the Pauli matrix in the spin space. In
the quasiclassical theory, Hˆ(k) is regarded as HˆN1(k)
in Eq. (39). The eigenvalues of the 4 × 4 matrix are
degenerated expressed as
ǫi(k) = ±E0(k)− µ, (171)
where E0(k) ≡
√
M(k)2 + |k|2. In the case of µ > 0,
the eigenvectors u1k and u
2
k (M = 2), and eigenvalue ξk
in Eq. (39) are given as
ξk = E0(k)− µ (172)
uik = c
(
χi
k·σ
E0(k)+M(k)
χi
)
, (173)
where χT1 ≡ (1, 0), χT2 ≡ (0, 1), c ≡
√
(E0 +M(k))/2E0.
We consider the 4× 4 odd-parity fully-gapped gap func-
tion (so-called A1u state) defined as
∆ˆ ≡ ∆0
(
0 iσy
iσy 0
)
. (174)
By substituting this gap function into Eq. (43), we obtain
the 2× 2 effective gap function written as
∆eff(k) =
∆0
E0(k)
k · σ(iσy). (175)
This gap function is completely equivalent to that in the
previous paper [44] in terms of the Dirac BdG Hamilto-
nian.
Let us consider the boundary condition with a specular
surface at z = 0. We adopt the boundary condition that
all components of the wave-function becomes zero at z =
0, which is different from that discussed in Ref. 31. We
consider M(k) =M0(k‖)+M1k
2
z . By using Eq. (49), we
find that the wave numbers become
(kz±)
2 =
−1
2M21
[
1 + 2M0M1 ± ξk‖
]
, (176)
with ξk‖ ≡
√
(1 + 2M0M1)2 + 4M0(µ2 −M20 − |k‖|2).
When the condition µ >
√
M20 − |k‖|2 is satisfied, there
are two real wave numbers and two imaginary wave num-
ber, expressed as
k1z− = k− (177)
k2z− = −k−, (178)
k1z+ = iη+, (179)
k2z+ = −iη+, (180)
with k− ≡
√
− [1 + 2M0M1 − ξk‖] /(2M21 ) and η+ ≡√[
1 + 2M0M1 + ξk‖
]
/(2M21 ). By assuming that the
material is filled in the region z > 0, the coefficient of the
wavefunction with k2z+ is zero. Thus, we obtain K = 3.
The boundary condition (50) is expressed as(
u1(k‖,k−)
u1(k‖,−k−)
u1(k‖,iη+)
)
c1
+
(
u2(k‖,k−)
u2(k‖,−k−)
u2(k‖,iη+)
)
c2 = 0. (181)
When we consider k‖ = 0, the coefficients are given as
c1 = c2 =


1
2
(
1 + µ+M(k−)µ+M(iη+)
iη−
k−
)
1
2
(
1− µ+M(k−)µ+M(iη+)
iη−
k−
)
−1

 c. (182)
Thus, the boundary condition for the quasiclassical wave
function is obtained as
f−k−(z = 0) = c1f
k−(z = 0), (183)
g−k−(z = 0) = c∗1g
k−(z = 0), (184)
where
c1 =
k−(µ+M(iη+)) − iη+(µ+M(k−))
k−(µ+M(iη+)) + iη+(µ+M(k−))
. (185)
In the non-relativistic limit (|k−| ≪M(k−)), the bound-
ary condition becomes
f−k−(z = 0) = −fk−(z = 0), (186)
g−k−(z = 0) = −gk−(z = 0), (187)
which is equivalent to that in a single band quasiclassical
framework. This result is consistent with the fact that
this superconductor becomes a p-wave superconductor in
the non-relativistic limit[32].
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E. Robust p-wave superconductivity on a surface of
topological insulator
In this section, we discuss the impurity effect in the
s-wave gap superconductivity on a surface of topological
insulator. Let us show that the proximity-induced su-
perconductivity on a surface of topological insulator is
robust against nonmagnetic impurities[62]. We consider
that an s-wave superconductor is deposited on the sur-
face of the topological insulator[70]. The effective two-
dimensional Hamiltonian on the surface is described as
Hˆ(k) =
(
h0(k) ∆iσy
∆∗(−iσy) −h∗0(−k)
)
, (188)
with
h0(k) ≡ vk · σ − µσ0. (189)
The eigenvalues of the 2 × 2 normal state Hamiltonian
h0(k) are given by
ǫ±(k) = −µ± v|k|. (190)
The eigenvectors associated with ǫ±(k) are expressed as
u+k =
1√
2
(
e−iφ
1
)
, (191)
u−k =
1√
2
(
1
−eiφ
)
, (192)
where k = (kx, ky) = k(cosφ, sinφ). In the case of µ > 0,
the 1× 1 effective gap is given as
∆eff(k) = ∆e
iφ. (193)
Thus, the effective p-wave superconductivity appears on
a surface of the topological insulator.
Let us consider a nonmagnetic impurity effect in
this proximity-induced superconductor. The non-
perturbative quasiclassical Green function in a homoge-
neous system is given as
g¯(kF, iωn) =
−π√
ω2n + |∆|2
(
iωn ∆e
iφ
−∆e−iφ −iωn
)
. (194)
The effective potential V¯ (kF,k
′
F) in Eq. (137) is ex-
pressed as
V¯ (kF,k
′
F) = V

 eiδφ/2 cos
(
δφ
2
)
0
0 e−iδφ/2 cos
(
δφ
2
)

 ,
(195)
with δφ ≡ φ − φ′. Here, V is the amplitude of the po-
tentials. The second order of the impurity self-energy in
Eq. (136) becomes
Σ¯(kF, iωn)
(2)σ¯z = nimpV
2g¯(kF, iωn)
∫ 2π
0
dφ′ cos
(
φ−φ′
2
)
2π
.
(196)
Since this self-energy satisfies
[Σ¯(kF, iωn)
(2)σ¯z , g¯(kF, iωn)]− = 0, the quasiclassi-
cal Eilenberger equations with the self-energy are
completely equivalent to those without the self-energy.
Therefore, this proximity-induced superconductivity on
the surface of a topological insulator is robust against
nonmagnetic impurities.
Finally, we point out that the previous decoupled
quasiclassical framework can not reproduce the robust-
ness against nonmagnetic impurities proposed in Ref. 62.
With the use of the band basis, the effective gap is given
in Eq. (193) at the Fermi energy. Since this effective gap
means p-wave superconductivity, the superconductivity
should be fragile against nonmagnetic impurities in the
previous decoupled quasiclassical framework.
F. Surface quasiclassical theory: the partial
quasiclassical approximation for topological
insulators
Let us discuss the “partial” quasiclassical approxima-
tion with considering the topological insulators. The su-
perconductivity in surface states on topological insulators
has been attracted much attention because of the stage of
the Majorana Fermion and a quantum computing. With
the use of the proximity effects from the superconductor
on the topological insulator, the two-dimensional mass-
less Dirac quasiparticles due to the surface bound states
on the topological insulator form the superconducting
Cooper pairs. Therefore, it is important to construct the
two-dimensional effective Eilenberger equations originat-
ing from the normal-state surface bound states.
Let us consider the surface at z = 0. By introducing
the coordinate r = (x, y, z) ≡ (r⊥, z), we can define the
partial Wigner representation expressed as
Aˇz1z2(R⊥,k⊥) ≡∫
dr¯⊥e
−ik⊥·r¯⊥Aˇz1z2
(
R⊥ +
r¯⊥
2
,R⊥ − r¯⊥
2
)
. (197)
Here, R⊥ = (r1⊥ + r2⊥)/2 and r¯⊥ = r1⊥ − r2⊥ are the
center-of-mass coordinate and the relative coordinate on
the two-dimensional plane parallel to the surface, respec-
tively. The projection operator is determined as
Pˇk⊥z1z2 ≡ UMk⊥(z1)UM†k⊥ (z2), (198)
where
UMk⊥(z) ≡
(
U˜Mk⊥(z) 0
0 U˜M∗−k⊥(z)
)
, (199)
with the matrix UMk⊥(z) = (u
1
k⊥
(z), · · · , uMk⊥(z)). Here,
the vector uik(z) is the eigenvector expressed as
HˆN1(k⊥, z)u
i
k⊥
(z) = ξk⊥u
i
k⊥
(z). (200)
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We note that the Hamiltonian HˆN1(k, z) includes infor-
mation about a presence of a surface. The projected
effective gap function is given by
∆¯(R⊥,k⊥) ≡
∫
dz1dz2U
M†
k⊥
(z1)∆ˇz1z2(R⊥,k⊥)U
M∗
−k⊥(z2),
(201)
since the projection includes the z-integration written as
Aˇ′z1z2 =
∫
dz3Pˇkz1z3Aˇz3z2 . (202)
Let us consider the three dimensional topological super-
conductor as an example. The eigenvector in Eq. (170)
with the boundary condition uik⊥(z = 0) = 0 is expressed
as[33]
uik⊥(z) =
e
z
2M1 sinh(Kz)
2
√
A


e−iφ
i
ie−iφ
1

 , (203)
where ξk⊥ =
√
k2x + k
2
y − µ, k⊥ = (kx, ky) =√
k2x + k
2
y(cosφ, sinφ), M(k) = M0(k⊥) + M1k
2
z ,
K = (
√
1 + 4M0M1)/(2M1), and A =∫∞
0 dzexp(z/M1)| sinh(Kz)|2. Here, we assume µ > 0
and obtain the above solution with the use of the
perturbation with respect to k⊥. By substituting the
eigenvector in Eq. (203) and the odd-parity fully-gapped
gap function in Eq. (174) into Eq. (201), we obtain
∆¯(R⊥,k⊥) = 0¯. (204)
Therefore, the proximity-induced odd-parity fully-
gapped gap function does not open the spectral gap as
shown in Ref. 33.
With the use of the above method, we directly show
that the proximity-induced s-wave superconductivity on
the topological insulator can be regarded as a chiral p-
wave superconductivity, as shown in Sec. VII E. By sub-
stituting the eigenvector in Eq. (203) and the even-parity
fully-gapped spin-singlet intra-orbital gap function ex-
pressed as
∆ˆ ≡ ∆0
(
iσy 0
0 iσy
)
, (205)
into Eq. (201), we obtain
∆¯(R⊥,k⊥) = ∆⊥e
iφ, (206)
which is equivalent to the chiral p-wave superconductiv-
ity in Eq. (193).
G. Others
Finally, we discuss the advantage of the multi-band
quasiclassical theory. The computational cost drastically
decreases with the use of our theory in multi-band sys-
tems. Thus, we can treat the inhomogeneous systems
such as those with vortices and surfaces easily, in order
to discuss the magnetic field dependence of the multi-
band superconductors. Since we do not use any assump-
tions about the electronic structures in normal states, the
superconducting system with the arbitrary tight-binding
Hamiltonian derived by the first-principle calculation can
be mapped onto the effective low-energy system. In the
theoretical point of view, one might develop the general
theory for impurity effects in multi-band superconduc-
tors, since the multi band effects are explicitly included
as the non-local and anisotropic potentials. It should
be noted that one can understand what is neglected in
the quasiclassical theory in multi-band superconductors.
One might know the difference between the single-band
and multi-band superconductors through the study with
our multi-band Eilenberger theory.
VIII. SUMMARY
In summary, we proposed the unified quasiclassical
multi-band Eilenberger equations in order to map the
multi-band systems onto the effective systems in the re-
duced space. We derived both the Andreev and Eilen-
berger equations with an arbitrary boundary condition.
We showed that the resultant multi-band Eilenberger
equations are similar to the single-band ones, except for
some corrections to describe multi-band effects. The or-
bital characters on the Fermi surfaces in normal states
are included in our theory. Our theory could describe the
past studies with the use of the quasiclassical Eilenberger
theory. Since we do not use any assumptions about the
electronic structures in normal states, the superconduct-
ing system with the arbitrary tight-binding Hamiltonian
derived by the first-principle calculation can be mapped
onto the effective low-energy system. The potentials,
the order-parameters, and self-energies in multi-band sys-
tems were mapped onto the non-local ones in the reduced
space as shown in Eqs. (87)-(90). We showed that the
self-energy with the T -matrix approximation of the non-
magnetic impurities becomes non-local and anisotropic.
We pointed out that this non-locality is similar to the
pseudo potential in the first-principles calculations. The
multi-band effects can be understood by the non-locality
and the anisotropy in the mapped systems.
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Appendix A: Derivation of the Andreev equations
We derive the multi-band Andreev-type equations as
follows. We substitute Eq.(35) into the BdG equations
(7).
The diagonal blocks in the BdG equations become
HˆN(r1,−i∇1)
[
eikFr1fkFl (r1)u
N
l (kF)
]
∼ eikFr1
[
HˆN0(r1)f
kF
l (r1)− i
∂HˆN1(k)
∂k
∣∣∣
k=kF
·∇fkFl (r1)
]
uNl (kF). (A1)
The off-diagonal blocks are converted as
∫
dr2∆ˆ(r1, r2)
[
eikFr2gkFl (r2)v
N
l (kF)
]
∼ eikFr1∆ˆ(r1,kF)gkFl (r1)vNl (kF), (A2)
where ∆ˆ(r1,kF) is the order parameter matrix in the Wigner representation.
With the use of the relation
U˜M†k
∂HˆN1(k)
∂k
U˜Mk
∣∣∣
k=kF
=
∂ξ(k)
∂k
∣∣∣
k=kF
1M×M ≡ vF1M×M ,
(A3)
we obtain the multi-band Andreev-type equations (41).
Appendix B: Expansion of the ⋆-products
We expand the ⋆-products for ∆ˇ(R,k) and Σˇ(R,k)
written as
[
∆ˇ(R,k) + Σˇ(R,k)
]
⋆ Gˇ(R,k, iωn)
∼ [∆ˇ(R,k) + Σˇ(R,k)] Gˇ(R,k, iωn). (B1)
In the quasiclassical theory of superconductivity, the ⋆-
products for HˇN0(R) and HˇN1(k) are expanded in the
1st order written as
HˇN0(R) ⋆ Gˇ(R,k, iωn) ∼ HˇN0(R)Gˇ(R,k, iωn)
+
i
2
∇RHˇ
N0(R) ·∇kGˇ(R,k, iωn),
(B2)
HˇN1(k) ⋆ Gˇ(R,k, iωn) ∼ HˇN1(k)Gˇ(R,k, iωn)
− i
2
∇kHˇ
N1(k) ·∇RGˇ(R,k, iωn).
(B3)
Appendix C: Derivation of the multi-band
quasiclassical Eilenberger equations
We derive the multi-band quasiclassical Eilenberger
equations.
By multiplying the the both sides in Eq. (74) by the matrices UM†k and U
M
k , we obtain
(
iωn − V¯0(R,k) − ξkσ¯z − ∆¯(R,k)− Σ¯(R,k, iωn)
)
G¯(R,k, iωn)
− i
2
∇RV¯0(R,k) · UM†k
[
∇kGˇ(R,k, iωn)
]
UMk +
i
2
UM†k
[
∇kHˇ
N1(k)
]
UMk ·∇RG¯(R,k, iωn) = 1¯. (C1)
The right-hand Gor’kov equation in the projected space are written as
G¯(R,k, iωn)
(
iωn − V¯0(R,k)− ξkσ¯z − ∆¯(R,k) − Σ¯(R,k, iωn)
)
+
i
2
UM†k
[
∇kGˇ(R,k, iωn)
]
UMk ·∇RV¯0(R,k) −
i
2
∇RG¯(R,k, iωn) · UM†k
[
∇kHˇ
N1(k)
]
UMk = 1¯. (C2)
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By subtracting the right-hand Gor’kov equation, the equation (C1) become[
iωnσ¯z − V¯0(R,k)σ¯z − ∆¯(R,k)σ¯z − Σ¯(R,k)σ¯z , σ¯zG¯(R,k; iωn)
]
−
− i
2
[
∇RV¯0(R,k)σ¯z , σ¯zU
M†
k
[
∇kGˇ(R,k, iωn)
]
UMk
]
+
+
i
2
[
UM†k
[
∇kHˇ
N1(k)
]
UMk σ¯z, σ¯z∇RG¯(R,k; iωn)
]
+
= 0,
(C3)
where [A,B]± ≡ AB ±BA. In the quasiclassical theory, the information on the
Fermi surface is most important. By assuming that
V¯0(R,k), ∆¯(R,k), Σ¯(R,k), and U
M
k are slowly varying
functions around the Fermi momentum kF, we obtain
[
iωnσ¯z − V¯0(R,kF)σ¯z − ∆¯(R,kF)σ¯z − Σ¯(R,kF)σ¯z , σ¯zG¯(R,k; iωn)
]
−
− i
2
[
∇RV¯0(R,kF)σ¯z , σ¯zU
M†
k
[
∇kGˇ(R,k, iωn)
]
UMk
]
+
+ iv(kF) ·∇RG¯(R,k; iωn) = 0. (C4)
The ξk-integration erases the term with ∇k in Eq. (C4),
which is same procedure in the single-band model. Thus,
the resultant 2M × 2M quasiclassical multi-band Eilen-
berger equation is
Appendix D: Normalization condition
We consider the normalization condition for g¯. When
g¯ satisfies Eq. (86), g¯′ ≡ α1¯ + βg¯ and g¯g¯ are also the
solutions of Eq. (86) as shown in Ref. [19]. Thus, the
solution of the equation has the form
g¯g¯ = α1¯ + βg¯. (D1)
The coefficients α and β are determined in a homoge-
neous case. The 2N × 2N matrix Green’s function in a
homogeneous system is written as[45]
Gˇ(k, iωn) = Uˇ(k)
(
Aˆ+(k, iωn) Bˆ(k, iωn)
Bˆ†(k, iωn) Aˆ−(k, iωn)
)
Uˇ †(k),
(D2)
where[
Aˆ±(k, iωn)
]
αβ
= δαβ
iωn ± ǫα
−|∆α|2 + (iωn)2 − ǫ2α
, (D3)
[
Bˆ(k, iωn)
]
αβ
= δαβ
∆α
−|∆α|2 + (iωn)2 − ǫ2α.
(D4)
Here, the 2N × 2N matrix Uˇ(k) is the unitary matrix
which diagonalizes HˇN0(k). Assuming that intraband
pairing are dominant, we neglect the off-diagonal (inter-
band) elements of the order-parameter matrix.
The 2M × 2M Green’s function in the projected space
G¯(k, iωn) is written as
G¯(k, iωn) =
(
A˜M+ (k, iωn) B˜
M (k, iωn)
B˜M†(k, iωn) A˜
M
− (k, iωn)
)
, (D5)
where[
A˜M± (k, iωn)
]
αβ
= δαβ
iωn ± ξk
−|∆α|2 + (iωn)2 − ξ2k
, (D6)
[
B˜M (k, iωn)
]
αβ
= δαβ
∆α
−|∆α|2 + (iωn)2 − ξ2k
. (D7)
By substituting the above Green’s function into Eq. (91),
we obtain the multi-band quasiclassical Green’s function
in a homogeneous system expressed as
g¯(kF, iωn) =
(
a˜M+ (kF, iωn) b˜
M (kF, iωn)
−b˜M†(kF, iωn) −a˜M− (kF, iωn)
)
, (D8)
where
[
a˜M± (kF, iωn)
]
αβ
= −δαβπ iωn√
ω2n + |∆α|2
, (D9)
[
b˜M (kF, iωn)
]
αβ
= −δαβπ ∆α√
ω2n + |∆α|2
. (D10)
Therefore, the normalization condition becomes Eq.(92)
even in an inhomogeneous system.
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